Abstract: We discuss two measures of entanglement in quantum field theory and their holographic realizations. For field theories admitting a global symmetry, we introduce a global symmetry entanglement entropy, associated with the partitioning of the symmetry group. This quantity is proposed to be related to the generalized holographic entanglement entropy defined via the partitioning of the internal space of the bulk geometry. The second measure of quantum field theory entanglement is the field space entanglement entropy, obtained by integrating out a subset of the quantum fields. We argue that field space entanglement entropy cannot be precisely realised geometrically in a holographic dual. However, for holographic geometries with interior decoupling regions, the differential entropy provides a close analogue to the field space entanglement entropy. We derive generic descriptions of such inner throat regions in terms of gravity coupled to massive scalars and show how the differential entropy in the throat captures features of the field space entanglement entropy.
Introduction
The Ryu-Takayanagi formula [1, 2] for computing the entanglement entropy holographically has stimulated a huge amount of interest in studying quantum entanglement and its relation to gravity, see the review [3] . One of the main goals is to understand how quantum entanglement captures global structure in the holographically dual spacetime and whether the latter can be reconstructed from entanglement. Ideas about spacetime reconstruction using entanglement can be found in [4, 5, 6, 7, 8] .
In particular, it was proposed in [8] that the area of a non-minimal closed surface in a holographic geometry should be related to the entanglement between the degrees of freedom contained within this region and those of its complement. Recently a sharp relation between the area of such a hole and the differential entropy was shown, see [9, 10, 11, 12, 13, 14] and section 6.1. The interpretation of the differential entropy in quantum information theory was further discussed in [15, 16] and limitations on spacetime reconstruction ("shadows") were discussed in [17, 18] , see also [19] .
To develop our understanding of spacetime reconstruction, it would be desirable to extend the holographic realisation of the Ryu-Takayanagi formula to other measures of quantum entanglement. However, many standard measures of quantum entanglement unfortunately do not seem to admit a simple holographic description. For example, the logarithmic negativity measures the distillable entanglement contained in a quantum state. This quantity has been explored in a number of recent papers including [20, 21, 22] but there is as yet no proposal for the holographic computation of the negativity. The negativity is known to be related to the Renyi entropy at index one half which would seem to suggest analytic extension to a non-integral number of copies of the bulk geometry might be necessary to realise the negativity holographically.
In this work we discuss two measures of entanglement in quantum field theory and their holographic realisation. The first measure of entanglement corresponds to integrating out a subset of fields in the quantum field theory; we denote this the field space entanglement entropy, as it is associated with a partitioning of the field space. This quantity has previously been discussed in [23, 24, 25, 26, 27] . The second measure of entanglement is applicable only to field theories with a global symmetry. It corresponds to integrating out part of the orbit of the global symmetry and we hence denote it as the global symmetry entanglement entropy.
In sections 2 and 3 we discuss features of these entanglement entropies in simple field theory models. For both quantities the leading UV divergences scale with the spatial volume, as one would expect, since entanglement with the modes which have been integrated out occurs throughout the spatial region. Consider the symmetry preserving vacuum state in a conformal field theory with global symmetry, such as N = 4 SYM. The global symmetry entanglement entropy is non-zero, and depends on how one partitions the global symmetry. To define the field space entanglement entropy one would have to integrate out some of the SYM fields; we can implement this perturbatively in quantum field theory but there seems to be no natural way to realise this situation holographically.
Next consider a field theory which does not have global symmetry. The global symmetry entanglement entropy can therefore clearly not be defined but let us suppose we can integrate out (massive) fields to define a field space entanglement entropy. In general the effective description after integrating out such modes may be expressed in terms of irrelevant operator deformations of a low energy action; this is the picture we should have in mind when trying to realise field space entanglement entropy holographically.
Let us now turn to holographic analogues of these entropies. The global symmetry entanglement entropy is argued in section 3 to correspond to the generalised holographic entanglement entropy introduced in [27] and discussed further in [28] . The latter is computed from the area of a codimension two minimal surface for which the boundary condition at conformal infinity is such that it fills the spatial background for the dual field theory and partitions the compact part of the geometry. That is, for any asymptotically AdS × S geometry the boundary condition for the minimal surface is a partitioning of the sphere. This partitioning is argued to be exactly the partitioning of the global symmetry orbit used in defining the global symmetry entanglement entropy.
The field space entanglement entropy is more subtle as in general we would not expect that this quantity can be realised holographically. The field space entanglement entropy requires integrating out a subset of quantum fields but the holographic duals of the latter cannot in general be viewed as localised in the dual geometry. In the example given above, integrating out fields in the trivial vacuum of N = 4 SYM, we do not expect a simple geometric realisation.
The closest holographic analogues to the setup for field space entanglement entropy are situations in which the bulk geometry has interior throat regions, at which low energy degrees of freedom from the field theory are localised. Whenever there is an inner throat region, there will be a dual description of this inner throat in terms of a quantum field theory with irrelevant deformations, which we argued above was the setup needed for field space entanglement entropy.
In sections 4 and 5 we consider Coulomb branch supergravity solutions for separated D3-brane, M2-brane, M5-brane and D1-D5 brane stacks. In such cases the geometries contain inner throat regions associated with each brane stack. The dual field theory description for each inner throat is a conformal field theory whose gauge group has a rank corresponding to the number of branes in the stack. As pointed out in [27] such geometries geometrically realise an analogue to the setup of field space entanglement entropy, as within the inner throat regions we can view the degrees of freedom associated with the other brane stacks as having been integrated out.
We use the methods of Kaluza-Klein holography [29, 30, 31] in sections 4 and 5 to show that there is an effective low energy description of each inner throat region in terms of Einstein gravity coupled to massive scalar fields (dual to irrelevant operators in the conformal field theory associated with the throat). These massive scalar fields characterise geometrically the effect of integrating out the degrees of freedom associated with the other brane stacks. Note that this effective description is obtained by reducing over the sphere using [29, 30] , and thus the holographic description has only one extra radial dimension relative to the field theory description.
The definition of the field space entanglement entropy does not rely on the existence of any global symmetry. From the bulk perspective this implies that the compact part of the geometry should not be a prerequisite to describe the field space entanglement entropy; the only prerequisite should be an inner decoupling region. Our effective actions for the Coulomb branch geometries (after reducing over the sphere) indeed give exactly such descriptions of inner throat regions. In section 5 we consider other examples of holographic geometries with interior decoupling regions: near extremal AdS Reissner-Nordström black holes. We show that again the inner throats can be described by gravity coupled to massive scalar fields.
The effective holographic descriptions for interior throat regions are then used in section 6 to explore geometric measures of entanglement. We show that the area of a spatial hole in an inner throat is equivalent to the differential entropy, i.e. the analysis of [9, 10, 11, 12, 13, 14] extends to the case in which one makes irrelevant deformations of the underlying conformal field theory.
Both the spatial volume of the throat and the differential entropy capture features of the field space entanglement entropy. However, these geometric quantities are generically nonzero even for asymptotically AdS throats and are therefore not equivalent to the field space entanglement entropy. This was to be expected: by zooming into the inner throat region and imposing a cutoff there, we are effectively removing high energy modes from the low energy field theory dual to the throat itself. Thus the geometric measures of entanglement capture not just the entanglement with the degrees of freedom associated with the other brane stacks, but also the entanglement with high energy modes associated with the given brane stack.
The plan of this paper is as follows. We discuss the field theory definitions of field space entanglement entropy in section 2 and global symmetry entanglement entropy in section 3. We derive effective descriptions for Coulomb branch and near extremal AdS black holes in sections 4 and 5. We explore geometric measures of entanglement and their interpretations in 6 and we conclude in section 7. Technical results required for Kaluza-Klein holography for M2-branes and M5-branes are contained in the appendices A and B.
Field space entanglement entropy
Consider a field theory which may be viewed as two weakly interacting conformal field theories such that the total action is
In the limit of g = 0 the Hilbert space factorizes into the direct product of two CFT Hilbert spaces; g controls the interactions between the fields in the two CFTs and should be viewed as being small in all that follows. Note that the UV behaviour of the full theory is controlled by the interactions; since we are interested in holographic realizations, we will mostly consider theories which are UV conformal.
In the interacting theory we can define an entanglement entropy between the degrees of freedom contained in each conformal field theory by tracing out the total density matrix ρ over the degrees of freedom of either:
Operationally we implement the trace by integrating out the fields of the second CFT. The entanglement entropy thus defined is clearly qualitatively different from the more familiar entanglement entropy between two different spatial regions of a field theory. For the latter, in any local field theory, only degrees of freedom close to the separating surface are entangled and therefore the leading UV divergence of the entanglement entropy scales with the area of this surface.
If one defines an entanglement entropy by integrating out degrees of freedom, the remaining degrees of freedom are entangled with those which were integrated out everywhere in the space and therefore one expects the leading UV behaviour of this entanglement entropy to scale with the volume. In this paper, we will denote the entanglement entropy obtained by integrating out degrees of freedom as the field space entanglement entropy, S F , to distinguish it from the usual entanglement entropy.
The field space entanglement entropy has been analysed in a number of condensed matter papers [23, 24, 25, 26, 32] and was recently studied in simple free field models by [27] . Examples of such models include scalar fields interacting by off-diagonal mass terms
or by off-diagonal derivative interactions
Entanglement entropy in both models can be computed explicitly by integrating out the field φ 2 . Following [33, 34] one computes the entanglement entropy as a limit of Renyi entropies S F (n) , defined as
with
For (2.4) the entanglement entropy in the ground state behaves as
where is the UV cutoff length, s(µ) is a function of the dimensionless coupling between the fields which vanishes when µ = 0, V d−1 is the volume of the spatial sections, c l are constants with c 0 potentially capturing universal behaviour. For (2.3) the leading UV divergences are given by
Note that for d ≤ 4 the entanglement entropy is UV finite. The entanglement entropy vanishes for m 2 = 0 (all mass terms vanish) and for α = nπ (mass terms diagonal). It scales with the spatial volume, as anticipated, and the powers of Λ are consistent with dimensional analysis.
In general when g = 0 in (2.1) the entanglement of the ground state follows from the fact that the state cannot be written as a product state in the Hilbert space which is the product of the Hilbert spaces associated with each decoupled field theory. One can demonstrate this easily in the free field examples: the model with off-diagonal mass terms (2.3) is solved by diagonalising the mass term, i.e.
withφ 1 = φ 1 cos α − φ 2 sin α andφ 2 = φ 1 sin α + φ 2 cos α. The Hilbert space of the theory is therefore diagonal with respect to the fieldsφ 1 andφ 2 :
but it is not diagonal with respect to the original fields φ 1 and φ 2 .
Note that when g = 0 in (2.1) the field space entanglement entropy vanishes provided that the theory is in a pure state which is not entangled between the two CFTs. Field space entanglement entropy would not be zero for non-interacting CFTs entangled in thermofield double states or more generally whenever the field theory is in a mixed state.
Holographic realization
It is not a priori clear whether a system of the type (2.1) can be realized holographically. The degrees of freedom associated with the two CFTs are interacting directly. From the field theory perspective it makes sense to view the complete quantum field theory in terms of two interacting subsystems only if the interactions between the two sets of degrees are freedom are very weak relative to their self-interactions, i.e. g is small.
To obtain a geometric description of the entanglement entropy in holography we will need to impose a similar but inequivalent condition: we require that the two sets of degrees of freedom can be thought of as localised in different regions of the bulk spacetime. While the two regions of the spacetime are in causal contact, we will consider situations in which one can decouple one region to integrate out degrees of freedom. In particular we will consider examples for which one can view the bulk spacetime as having an interior decoupling region which is an asymptotically AdS d+1 spacetime. The effect of tracing out degrees of freedom is equivalent to specifying particular boundary conditions for this asymptotically AdS d+1 spacetime -we will show that these boundary conditions correspond to irrelevant deformations of the effective d-dimensional CFT dual to the AdS d+1 region.
There has been considerable discussion in earlier literature concerning how interacting conformal field theories should be modelled holographically. One proposal advocates describing a geometry for two conformal field theories interacting via massless modes via Anti-de Sitter spacetimes joined at their conformal boundaries [35, 36] . It has also been suggested that conformal field theories interacting via massive modes should be described by two asymptotically AdS bulk geometries glued along a finite size surface in the interior, with their asymptotic conformal boundaries identified [27] . Note that the case of interacting CFTs is qualitatively different to the case of non-interacting CFTs entangled in a thermofield double state, described first in [37] .
In this paper we will focus on well-understood classes of holographic geometries which are known to admit field theory interpretations as systems of the type (2.1), and in which the resulting UV theory is conformal. Our main examples are Coulomb branch geometries, which are engineered using branes that share world volume directions but are distributed over the transverse space. We will primarily consider the case where there are two stacks of branes, N 1 and N 2 in each stack, separated by a spatial distance, although our analysis could straightforwardly be generalised to additional stacks of branes.
The conformal symmetry is spontaneously broken and, from the field theory perspective, the low energy degrees of freedom are the massless modes associated with the stack of N 1 branes and the massless modes associated with the stack of N 2 branes; integrating out the massive modes associated with strings stretched between the branes gives rise to interactions between the two sets of massless modes. The resulting low energy theory is therefore indeed of the form (2.1).
In Coulomb branch solutions the decoupled geometries are asymptotically AdS, but the throat bifurcates into internal throats associated with the locations of the brane stacks, see Figure 1 . Deep inside each throat, the geometry is again AdS, with a smaller curvature radius, and the low energy field theory description is a CFT. However, this CFT is not completely decoupled: from the low energy perspective, the field theory is deformed by irrelevant operators, corresponding to integrating out the massive string modes connecting the stacks of branes and in addition integrating out the modes localised at each other brane stack. Now let us turn to entanglement entropy. The Ryu-Takayanagi formula describes the entanglement entropy between two spatial regions A and B as the area of the minimal surface in the bulk homologous to the boundary separating the two regions. One way to understand the origin of this formula is by viewing the minimal surface as separating the bulk into two regions, one which can be constructed using only the information in region A and the other being its complement. The leading contributions to the entanglement entropy arise from local interactions at the boundary between the two regions and therefore it is natural that the entanglement entropy is related to the extension of this surface into the bulk. In the situation being considered here, the bulk can be divided into two regions, the inner throat region and its complement. It is natural to postulate that the inner throat region should be reconstructable from a reduced density matrix, obtained by integrating out fields, while the complement cannot be constructed from this reduced density matrix. The geometry of this inner throat region should thence be related to field space entanglement entropy. We will propose a general description of the bulk geometry of such a system in section 6, building on examples given in sections 4 and 5, and we will discuss holographic measures of entanglement in section 6.
Global symmetry entanglement entropy

Generalized holographic entanglement entropy
In [27] a new holographic functional probing the dependence of the entanglement entropy on the compact part of the geometry was proposed; this was denoted the generalized holographic entanglement entropy. Consider a static spacetime which is asymptotically AdS d+1 ×S p . The proposed functional is the volume of a minimal codimension two (spatial) hypersurface: 1) where G N is the Newton constant (in (d + p + 1) dimensions). The hypersurface Σ is chosen to be a minimal hypersurface of constant time with boundary conditions such that it completely fills the (d−1)-dimensional spatial part of the conformal boundary of AdS d+1 and wraps a (p − 1)-dimensional submanifold of S p . Parameterizing the sphere S p as
then one can for example choose such a submanifold to be an S p−1 at a fixed angle θ o at the conformal boundary. The hypersurface Σ therefore partitions the spacetime along the internal space at the conformal boundary. In general, as for the usual entanglement entropy, one would expect that a homology constraint is also required but the minimal hypersurface will not be ambiguous in any of the examples discussed here.
We will use the notation of S G for the quantity (3.1), again to distinguish it from the standard holographic entanglement entropy obtained from partitioning the spatial background of the dual field theory. Note that the same functional with different boundary conditions has been proposed to evaluate the standard entanglement entropy in top-down models [38] : for the latter one imposes boundary conditions such that the minimal hypersurface completely fills the sphere S p and partitions the (d − 1)-dimensional spatial part of the conformal boundary of AdS d+1 1 .
In [27] it was proposed that the generalised holographic entanglement entropy S G should be the dual description of the field space entanglement entropy S F . There are however various issues with such an interpretation of (3.1). The most fundamental problem is that the definition of field space entanglement entropy does not assume that the field theory has global symmetry. Any holographic description of this quantity should therefore not need to make explicit reference to the compact part of the geometry, whose existence relies on global symmetry.
Consider the evaluation of the holographic functional (3.1) in the AdS 5 × S 5 background. It is straightforward to show that the surface θ = π/2 is a solution of the minimal surface equations; this follows on symmetry grounds. (For other values of θ o the minimal hypersurface is non-trivial and pinches at a finite value of the radius.) Now the area of the spatial surface θ = π/2 gives
where V 3 is the regulated volume of the spatial section and the volume of a 4-sphere is 8π 2 /3. The radial integral is clearly UV divergent and r c is the radial cutoff. Using the standard holographic relation R 8 /G N = 2N 2 /π 4 and setting r c = ΛR 2 , where Λ is the cutoff, one obtains
This quantity scales with the volume of the spatial section of the field theory, and is UV divergent, just as for the field space entanglement entropy. The holographic functional therefore gives a non-zero value for a conformal field theory with R symmetry in its ground state, with the answer depending on how the compact part of the geometry is partitioned; different values are obtained according to the minimal surface determined by the boundary condition θ o [27] . This is in contradiction to the field space entanglement entropy of section 2, which is zero in the ground state of any CFT.
In [27] an interpretation of the above result in terms of D3-branes was suggested: consider a spherically symmetric distribution of N D3-branes in R 6 such that a plane dividing the R 6 has N/2 branes on each side. It was then proposed that the generalised holographic entanglement entropy corresponds to the field space entanglement entropy between the two sets of N/2 branes.
However, this interpretation assumes that the conformal ground state of the theory can be viewed as a limiting case of a Coulomb branch solution and hence that the SO(6) symmetry is only approximate at infinite N . Yet the ground state of N = 4 SYM is SO(6) invariant at any value of N so we cannot view it as being a discrete spherically symmetric distribution of branes. Other issues concerning the relation of generalized holographic entanglement entropy to field space entanglement entropy were discussed in [28] .
Field theoretic definition
In holography the compact part of the bulk geometry (usually an n-dimensional sphere, S n ) is necessary to capture the global symmetry group of the dual field theory. Therefore the proposed generalised holographic entropy functional should only be applicable to field theories which have global symmetry.
Let us briefly review relevant features of field theories dual to holographic geometries. The best understood holographic correspondences include the non-conformal branes, dual to maximally supersymmetric SU (N ) Yang-Mills, for which the bosonic terms in the Lagrangian are
where As a simpler prototype model with global symmetry, we can consider a free field theory with U (1) invariant mass terms such that
This example can straightforwardly be generalised to a model with n scalar fields φ a of equal mass such that φ a transforms in the fundamental representation of SO(n).
Now let us turn to the duality between AdS 3 × S 3 × T 4 and the D1-D5 CFT. The Higgs branch of the D1-D5 theory flows in the infrared to an N = (4, 4) SCFT on
, where N 1 and N 5 are the numbers of D1 and D5 branes, respectively, and S(N 1 N 5 ) denotes the permutation group. The SCFT on T 4 is free but the symmetric product contains interesting dynamics. The SCFT on the orbifold can be described by the Lagrangian
Here we switch to Euclidean signature and a runs over theT 4 coordinates while A = 1, · · · N 1 N 5 labels the copies of the torus. The symmetric group acts by permuting the copy indices and introduces twisted sectors. The theory has an SO(4) = SU (2) L ×SU (2) R global R symmetry under which the bosons transform as (2, 2) while the fermions transform as (2, 1) and (1, 2); this symmetry corresponds to the isometry group of S 3 in the holographic dual AdS 3 × S 3 × T 4 . The theory also has a local SU (2) ×SU (2) R parity symmetry.
A simpler prototype would be the bosonic theory with N 1 N 5 = 2:
where now A = 1, 2 and a still runs over theT 4 coordinates. This theory still admits the global SO(4) symmetry associated with rotations of the scalars but does not have a local R symmetry.
In free field theories such as the toy models discussed above one can define a global symmetry entanglement entropy as follows. Let ρ be the density matrix of the theory, which we first take to be a pure quantum state |Ψ so that ρ = |Ψ Ψ|. One can always define a reduced density matrix by tracing out degrees of freedom. In the free field models we defined the field space entanglement entropy using the reduced density matrix obtained by integrating out one of the scalars. We now define a global symmetry entanglement entropy in the toy model (3.6) by constructing the reduced density matrix
and then defining
Here S λ is a wedge of angle λ in the R 2 in which the real fields (φ 1 , φ 2 ) take values.
The generalisation to a theory with a number n of scalars φ a transforming in the fundamental of SO(n) is immediate. Let φ a = φn a wheren a such thatn ana = 1 is a normal vector to the unit S n−1 . Now we can define a reduced density matrix and an entanglement entropy by defining a spherical cap S, i.e. by choosing a plane which bisects the unit S n−1 , and integrating out all field configurations on one side of the cap:
In principle this definition does not rely on the field theory being non-interacting although in practice it would difficult to implement the integration in an interacting theory, even without the additional complications of gauge freedom implicit in theories such as (3.5).
Evaluation for free fields
As a warm up, we consider two massive scalars in the case of d = 1, i.e. quantum mechanics.
The ground state wave function is then
and the corresponding density matrix is
which is clearly normalised to satisfy the condition Tr(ρ) = 1. The reduced density matrix is obtained by integrating out the wedge. It consists of two parts:
together with
By construction Tr(ρ λ ) = 1. We now compute the entanglement entropy using
we find that
This vanishes as λ → 0 and gives S R = log(2) for λ = π, which corresponds to a partitioning of the field space into two. For λ = 2π(1 − δ) with δ 1,
which diverges as δ → 0, since in this limit all of the fields are integrated out.
We now consider the generalisation to two equal mass scalars in d > 1. The ground state wave function is
21) where N is a normalisation factor and
with V d−1 the spatial volume. The normalisation factor is determined by the condition Tr(ρ) = 1 to be
The reduced density matrix is now defined using
with S λ denoting the wedge region and
Again the entanglement entropy is easiest to compute for λ = π, corresponding to the partitioning of the field space into two halves, in which case
where n = 1 + . By construction Tr(ρ λ ) = 1. Thus 27) which is again UV finite. The entanglement entropy is finite in this case since the degrees of freedom which have been traced out in the reduced density matrix are not interacting with the remaining degrees of freedom.
Interactions
Consider a more general field theory in which the scalar fields are interacting. Integrating out fields within the spherical cap thus should give rise to an entanglement entropy which scales with spatial volume and is UV divergent, since all remaining degrees of freedom are entangled with those which were integrated out, at all scales. Such behaviour is qualitatively different from that in the free field models of the previous section. The simplest prototype for the behaviour in SYM would therefore be an interacting theory with global symmetry which is exactly solvable and for which the ground state preserves the global symmetry.
In both of the toy models (2.3) and (2.4) there are interactions between the two species of scalar fields but these can be solved by carrying out orthogonal transformations on the fields, so that the resulting theory is free. Both models have a U (1) R symmetry which is explicitly broken by the interactions; in the massive field case the theory is nonetheless UV conformal (free), but in the derivative interaction case the R symmetry is broken at all scales. As discussed earlier the latter is a reasonable prototype for the Coulomb branch of SYM (although the R symmetry is spontaneously rather than explicitly broken in the latter) but neither toy model is an ideal prototype for SYM in the R symmetric vacuum. Nonetheless, these results suggest that for SYM the leading terms in the global symmetry entanglement entropy should be of the form
where s(S) depends on the partition of the symmetry orbit. This would be in qualitative agreement with (3.4).
General definition of global symmetry entanglement entropy
The definition of global symmetry entanglement entropy would be subtle in gauge theories and in theories with other elementary fields such as fermions transforming in nonfundamental representations of the global symmetry group. In a gauge theory the scalar fields would not be gauge invariant and therefore our construction should be replaced by a manifestly gauge invariant procedure. In defining the reduced density matrix, it is unclear how one should trace out fermionic degrees of freedom. In an interacting theory, it is not clear that the Hilbert space can be expressed as a direct product, as in the free field models. Note however that analogous issues affect the usual entanglement entropy both in gauge theories and in theories with fermions.
More generally, to make contact with holography, the definition of global symmetry entanglement entropy would better be expressed in terms of gauge invariant operators rather than elementary fields, since the latter do not exist in holographic realisations. In a conformal field theory with global symmetry, the most natural basis for gauge invariant operators is R symmetry eigenstates. Global symmetry entanglement entropy is obtained by integrating out part of the orbit of the R symmetry, and therefore its definition requires states which are localised along orbits of the R symmetry, rather than eigenstates of R symmetry.
To illustrate this, consider a conformal field theory with a U (1) global symmetry, in which orthonormal states are labelled by their conformal dimensions ∆, their R charge n and additional degeneracy labels k, |∆; n; k . A new orthonormal basis can always be defined as a superposition
where by construction the expansion coefficients satisfy
If such a conformal field theory is realised holographically in AdS d+1 ×S 1 , then the spectrum of states is usually expressed in terms of R symmetry eigenstates, i.e. modes with definite angular momenta along the circle. For every operator creating a state |∆; n; k there is a corresponding dual (d + 1)-dimensional field Φ ∆;n;k , which in turn is associated with a (d + 2)-dimensional mode carrying momentum n along the S 1 . By superposing such modes one can create fields which are localised along the circle; such a procedure would determine the coefficients in (3.29) . Given the basis |ψ α of states localised along the R symmetry orbit, one could then trace out states localised within part of the orbit, and hence define a global symmetry entanglement entropy.
This is very similar to the proposal made in [28] . However, we should note that it would be very hard to compute the coefficients in (3.29) in practice even in cases for which the detailed map between bulk Kaluza-Klein fields and boundary operators is known: the dictionary between spherical harmonics of ten or eleven dimensional supergravity fields and boundary operators is complicated and highly non-linear, see for example [29, 30, 31] .
D3-brane supergravity solutions
In this section we will explore separated D3-brane stacks, i.e. Coulomb branch solutions of N = 4 SYM. We will argue that there is an effective five-dimensional description of the throat geometry near a given brane stack, corresponding to the field theoretic description of a CFT deformed by irrelevant operators. Earlier discussions of entanglement in this system can be found in [27, 39, 28] .
Supergravity solutions for D3-branes on the Coulomb branch can be expressed as
where H(y) is a harmonic function on R 6 :
and y l denote the locations of each D3-brane. Note that the supergravity solutions are nonsingular only if the distribution of D3-branes is continuous, on a compact hypersurface of dimension four or less. Solutions involving separating stacks of branes are mildly singular, as one can only remove the singularity at a single stack, see [40] and the discussion below. Nonetheless let us consider the case of two stacks of equal charge 2 , separated by distance 2l along the y 1 direction. In this case the function H(y) is
and the geometry preserves an SO(5) subgroup of the SO(6) symmetry group of the S 5 .
Here
with 0 ≤ θ < π.
As argued by [40] , in the neighbourhood of each stack the geometry is AdS 5 × S 5 , with a radius appropriate to N/2 branes. To see this, let
where we have set R 4 = 4πg s α 2 N . The first term gives an AdS warp factor with radius R/2 1/4 , appropriate to that of N/2 branes. The additional term can be understood in terms of irrelevant deformations of the SU (N/2) CFT [41, 30] .
As pointed out in [40] , the metric defined by (4.3) is singular at the locations of both stacks of branes. Using (4.6), the metric in the vicinity of the stack at r = l (i.e. assuming z l) is
which is clearly singular as z → 0, since the warp factor of the S 5 diverges. To remove the singularity one shifts the stacks of branes (or, equivalently, redefines coordinates) so that one stack is at y = 0 and the other stack is at y 1 = −2l. Then
The resulting metric is regular as r → 0 but is still singular at y 1 = −2l; one can only remove the singularity at one stack by coordinate transformations. Since one cannot eliminate all singularities, we will work with the form of the metric (4.3), but we need to bear in mind the naked singularities at y 1 = ±l.
Generalized holographic entanglement entropy
In this section we briefly review the evaluation of the generalized holographic entanglement entropy (3.1) for the Coulomb branch solutions, highlighting various subtleties relative to [27] . The proposed functional (3.1) was evaluated for the D3-brane stacks discussed above: the surface θ = π/2 is a solution of the minimal surface equations (by symmetry). Then
The radial integral was regulated in [27] as 0 ≤ r ≤ r c l, which is the red region in Figure 2 . (Note that θ = 0 on the positive y 1 axis; θ = π on the negative y 1 axis and θ = π/2 on the orthogonal axis.) Then
(4.10) Figure 2 : The (r, θ) plane is shown, with the red region indicating the integration of [27] while the green region is the cutoff for our analysis. The locations of the brane stacks are indicated with crosses.
In the next steps the authors of [27] apply the standard holographic relations R 8 /G N = 2N 2 /π 4 and R 2 = 2πα √ λ together with
where Λ is the UV cutoff. The first equality follows from imposing the standard relation between geometric IR cutoff and field theory UV cutoff. The second relation introduces a dimensionless coupling g which characterises the interactions between the brane stacks: g becomes of order one when the mass scale set by the brane separation is of order the cutoff scale. Using both these relations in the expression (4.9) we obtain
This expression correctly gives zero as g → 0 and qualitatively reproduces the behaviour found in CFTs with massless interactions -the derivative coupling case reviewed in section 2.
However, the use of the first expression in (4. Figure 2 , enclosing both brane stacks. The red line does not approach the boundary of the spacetime and therefore r c cannot be thought of as a UV cutoff. Indeed along the red line the warp factor H is approximately constant and the metric is approximately flat, rather than being approximately AdS 5 × S 5 ! In other words, we cannot use the AdS/CFT relation when r c is deep within the spacetime and nowhere near the AdS boundary. In Figure 1 , the red region corresponds to the surface deep inside the spacetime at which the throat bifurcates.
Irrelevant deformations
We now consider the interpretation of the bulk geometry in terms of interacting CFTs. Associated with each stack of branes we have SU (N/2) CFTs. The interactions between the CFTs are via massive string modes, with the mass scale being
In the CFT language these massive string modes correspond to irrelevant bifundamental operators in the product of the two CFTs. The strength of the interactions can be characterised by the dimensionless coupling g = Λ 2 /M 2 introduced above. It would only make sense to consider the system as well-described by two weakly interacting CFTs if g is small, which in turn requires that M is large compared to the cutoff scale. It is claimed in [27] that the limit l r c , i.e. the region indicated by red in Figure 2 , that we can view the system as two weakly interacting CFTs. However, geometrically it is hard to justify this interpretation as this region (in which the throat bifurcates) is not decoupled and the metric is approximately flat.
Let us now explore the system further by zooming in on the vicinity of one brane stack. It is convenient to switch to the metric with the defining function being (4.8). Then we take the limit of r l. This is not the same region as discussed previously, but rather the region enclosed within the green circle of Figure 2 3 . Geometrically, the throat region bifurcates into two narrower throats which each approach one stack of branes.
Expanding the warp factor for 1 r l we obtain
where we defineg = r/l 1. The warp factor produced by the stack of branes at r = 0 is that for a conformal field theory, with gauge group SU (N/2), as expected. The warp factor produced by the second set of branes corrects H by terms which are small within the inner throat region.
Substituting into the metric we find
Using the method of Kaluza-Klein holography (see the final section of [30] ), we can read off the correspondence between the expansion of H in terms of scalar spherical harmonics Y I k on the S 5 and irrelevant deformations of the SU (N/2) CFT associated with the stack of N/2 branes. Following formula (6.1) from that paper, we write the warp factor H as
Here (l kI , h kI ) are expansion coefficients. Expressing
we see that our δH is expanded in positive powers, i.e. only l kI are non-zero. The scalar t I k fields are given by t
For r λ, the leading correction term is that for which k = 0. The t 0 field corresponds to the R singlet dimension eight operator Tr(F 4 ) and the coefficient l 0 ∼ 1 l 4 describes a deformation of the CFT by this operator:
This deformation was first dscussed by Intriligator in [41] , in the context of understanding how the decoupled AdS 5 × S 5 part of the D3-brane geometry can be extended to the asymptotically flat geometry. By construction the irrelevant deformation has a coefficient which is small for energy scales much smaller than l.
The next correction term is that for which k = 1. The scalar t I 1 fields correspond to a dimension nine operator transforming in the 6 of SO(6). The only active scalar is a singlet under an SO(5) ∈ SO(6) and describes a deformation of the CFT by the dimension nine operator breaking the global symmetry to SO(5), i.e.
where we label the six scalar fields of N = 4 SYM as φ a , as in (3.5). To go to arbitrarily higher order in the expansion in terms of powers of 1/l, we would need non-linear terms in the Kaluza-Klein holography dictionary [30] . However, it is clear that the general structure is that the SU (N/2) CFT is deformed by irrelevant SO(5) singlet operators with deformation parameters proportional to l 4−∆ . Now let us evaluate the generalized holographic entropy functional (3.1) in the metric (4.15), along a slice of θ = π/2. This gives
The first term reproduces the form of the expression found in [27] and reviewed above in (3.4) for pure AdS 5 :
where we take the cutoff r Λ =
4 . Working out the second term in the integral we obtain
Clearly, while S G is sensitive to the irrelevant deformations, and thus to integrating out the other degrees of freedom, it is non-zero even when there is no second stack of branes and the irrelevant deformation vanishes, i.e.g = 0. This is in line with what we found for the global symmetry entanglement entropy defined in section 3, again supporting the identification of the generalized holographic entropy with this quantity.
Effective description via dimensional reduction
In the previous section we argued that the effective geometry at the top of the inner throat associated with a brane stack is anti-de Sitter, plus certain corrections which can be viewed as small provided that our radial cutoff is small compared to the scale set by the irrelevant deformations.
In holography it is more straightforward to work with an asymptotically AdS geometry than with the uplifted higher-dimensional geometry which is asymptotic to the product of AdS with a compact space. However, a generic higher-dimensional solution cannot be expressed as the uplift of a lower-dimensional solution of a consistently truncated theory. Whenever the geometry is AdS cross a sphere plus small corrections, as in the analysis above, the techniques of Kaluza-Klein holography [29, 30, 31] can however be exploited to construct a lower-dimensional effective description.
In the case at hand we can express the solution in five-dimensional language working perturbatively in the parameterg, which is small at the boundary of the inner throat region (i.e. the green regions of Figures 2 and 3 ).
The leading terms in five dimensions are captured by the following action, see [29, 30, 31] :
with the solution (to quadratic order in 1/l 4 ) of interest being Figure 3 : The shaded green region of the inner throat can be described in five dimensional language by small deformations of AdS, characterizing the irrelevant deformations of the dual CFT.
where c denotes a computable numerical constant and the AdS radial coordinate has been rescaled tor. Here the metric functions g(r) and f (r) depend on the gauge choice, with only the combination
being determined by the Einstein equations. In the gauge choice g(r) = 1 this expression implies that
Note that the Einstein frame metric in five dimensions is related to the higher dimensional metric by a Weyl rescaling; the lower-dimensional metric has to be AdS to linear order, as the backreaction of the scalar field T 0 is of orderg 8 . The scalar field T 0 is a rescaling of the field t 0 ; its mass is appropriate for a dual operator of dimension eight. The terms in ellipses denote additional fields dual to the higher dimension irrelevant operators which break the SO(6) R symmetry to SO(5). For example, the ten-dimensional fields t I 1 reduce to (rescaled) scalar fields T I 1 of mass 45 in AdS units.
Other holographic systems
The D3-brane solutions discussed in the previous section describe the flow from N = 4 SU (N ) SYM to the infrared. The inner throat region in the interior geometry associated with a brane stack was argued to describe an IR conformal field theory, deformed by irrelevant operators. The corresponding effective geometric description in five dimensions is Einstein gravity coupled to massive scalar fields. Such a situation occurs rather generically in holography and in this section we will consider other examples.
M-branes
The M2-brane and M5-brane geometries for Coulomb branch solutions can be expressed as
where H(y) is a harmonic function on R D . Here α = (D − 4)/(D − 2) and D = (11 − d) for the M-branes of worlvolume dimension d. For brane stacks separated along the y 1 direction by distance l the harmonic function takes the form
where we place one of the brane stacks at y a = 0 and again choose y 1 = r cos θ etc. For
and hence the geometry is
whereg is considered to be smaller than one so that the other terms, denoted by ellipses, are subleading.
We can now use the results on Kaluza-Klein holography for AdS 4 × S 7 and AdS 7 × S 4 contained in appendices A and B to interpret the geometry (5.4) in terms of irrelevant deformations of the dual field theories. Using appendix A for M2-branes, the metric (5.4) can be expressed as
where g o M N is the AdS 4 × S 7 background and hence from (5.4)
Using (A.7) and (A.15), we can interpret this change in the metric as a source for a dimension six operator O π 0 , i.e. the field theory deformation corresponding to the throat geometry is
where I Q 1 denotes the CFT dual to Q 1 M2-branes.
Following the same arguments as in the previous section, the effective description of the top of the inner throat region in four-dimensional language is thus gravity coupled to the scalar field dual to O π 0 , i.e. 8) where the ellipses correspond to additional Kaluza-Klein modes associated with the subleading terms in the metric (5.4).
Using appendix B for M5-branes, the metric (5.4) can again be expressed as g M N = g o M N + h M N with g o the background AdS 7 × S 4 metric and
From (B.5) and (B.11), we can interpret this change in the metric as a source for a dimension twelve operator O π 0 , i.e. the field theory deformation corresponding to the throat geometry is 10) where I Q 1 is the action for the CFT dual to Q 1 M5-branes.
The effective description of the throat region in seven-dimensional language is thus gravity coupled to the scalar field dual to O π 0 , i.e.
where the ellipses again correspond to additional Kaluza-Klein modes associated with the subleading terms in the metric (5.4).
D1-D5 system
Extremal D1-D5 geometries can similarly be expressed as solutions to six dimensional supergravity, see [42] , with the metric being:
where H 1 (y) and H 5 (y) are both harmonic functions on R 4 . For separated D1-D5 brane stacks, in which the D1 branes and D5 branes remain coincident, each harmonic function takes the form of (5.2): 13) and thus for r l
so the metric becomes
where againg 1.
In [42] the field theory deformation corresponding to (5.14) was shown to be
where (O τ 0 , O t 0 ) are dimension four operators, the top components of short multiplets generated from dimension two chiral primaries through the action of the supercharges. These dimension two chiral primaries can be expressed in terms of the fields of (3 .7) as follows. The dimension two primary associated with the (2, 2) cohomology is in the untwisted sector, Ψ
where
The dimension two primary associated with the (0, 0) cohomology is in the twist three sector, Σ (2) (z,z), see [43] for more details.
When each brane stack has the same fraction of D1-branes as D5-branes, Q 1 /Q 1 = Q 5 /Q 5 , only one of the two operators is sourced. The effective description of the inner throat region around one brane stack is via three-dimensional gravity coupled to the scalar field dual to O τ 0 , i.e.
where m 2 τ 0 = 8. Here the ellipses again denote contributions from additional Kaluza-Klein modes, associated with subleading terms in (5.14).
AdS Reissner-Nordström
AdS Reissner-Nordström black holes have received considerable attention in the AdS/CMT literature. The action is Einstein-Maxwell with cosmological constant
for which the Einstein equation is
and the AdS-RN solution is
and implicitly we take d > 2. The horizon is at z = z o and the parameters m and µ can be expressed in terms of z o in the extremal solution as follows
from which one can show that
Now define z = z o + ρ. In the near horizon limit of the extremal solution
and the leading order metric and potential are
(5.27)
Here the AdS 2 curvature radius l 2 is such that l 2 = 1/d(d − 1) and the transverse space is flat, due to the cancellation between the cosmological constant and the gauge field contributions. It is convenient to rescale so that
ρ.
In the AdS/CMT literature this near horizon limit is often interpreted as being dual to a one-dimensional CFT (i.e. a chiral CFT or conformal quantum mechanics). Note that for this interpretation to be valid the transverse space must be compactified so that its spectrum is discrete.
As in the previous sections, the effects of the outside region can be seen as an irrelevant deformation of the low energy theory. Indeed, we will now show that the deformation is the exact analogue of the deformation involved in the case of the D3-branes. The chiral operator content of the theory dual to (5.27) is obtained by diagonalising the linearised equations of motion. Here we do not need to obtain the full spectrum but we will simply focus on the operators of interest. Let the background metric and gauge field be denoted g mn andĀ m respectively and perturb the fields as g mn =ḡ mn + h mn and A m =Ā m + a m . These fields can be decomposed in terms of harmonics of the transverse space:
Here with m 2 π = 2/l 2 . The other fields are then determined in terms of π 0 . The dimension of the operator dual to π 0 is two, which is an irrelevant operator; the dimension is twice the spacetime dimension of the dual CFT, as in the previous examples. In the explicit solution (5.22) we can read off π 0 ∼ ρ, which is indeed consistent with a source term for this operator. Therefore, once again the effective description of the inner throat region is gravity coupled to a scalar field dual to an irrelevant operator.
Prototype holographic description
In all examples in sections 4 and 5 the inner throat region can be described in terms of an effective theory consisting of Einstein gravity coupled to massive scalar fields. Therefore a generic model which should suffice to capture the holographic description of field space entanglement entropy is the following:
where the mass of the scalar field T is is such that T is dual to an irrelevant operator, i.e. m 2 > 0. This action agrees to leading order with those derived in the previous sections, with the operators being of dimension 2d, although the actions in previous sections receive corrections from other higher mass Kaluza-Klein fields (higher dimension operators).
Let us take the following ansatz for the metric and scalar field
and work perturbatively in the field T around the AdS background, assuming a nonnormalizable mode for T . Therefore the leading order solution is an AdS metric with
where we assume a cutoff scale r c such that r c l. Working perturbatively in r/l one can compute the backreaction on the metric using the Einstein equations: the gauge invariant combination
In a gauge in which g(r) = 0
This model captures the essential features from the systems discussed in the previous sections. We interpret the non-normalizable mode for T in terms of irrelevant deformations of the CFT, obtained by integrating out other fields. Now let us consider the definition of field space entanglement entropy in such a holographic setup. The new functional proposed by [27] is not relevant, since we have no compact part of the geometry. The definition of field space entanglement entropy should however only require a throat region, and this is indeed exactly what is captured by (6.2).
Any definition of a holographic functional for the field space entanglement entropy should satisfy the following properties:
1. The functional should vanish when evaluated on AdS d+1 spacetimes, since such backgrounds describe the ground state in a dual CFT which is not entangled with any other field theory.
2. The functional should also vanish when evaluated on static, asymptotically locally AdS spacetimes with no horizons for the same reason: such backgrounds describe pure states in (relevantly deformed) CFTs which are not entangled with any other field theory.
3. The functional should give a non-vanishing result for a spacetime whose asymptotics correspond to an irrelevantly deformed field theory.
4. The functional should generically give rise to an entanglement entropy of the form
is the volume of the spatial sections, Λ is the UV cutoff and c is a dimensionless coupling, parameterising the interactions.
For simplicity, we restrict to static situations. Let us now assume that the holographic functional depends only on the Einstein geometry, as the Ryu-Takanagi functional does; in other words, the functional should not depend on other matter in the bulk theory. Then the simplest possibilities meeting the above requirements are (i) the area of a spatial cutoff surface and (ii) the spatial volume.
Differential entropy
First we consider the area of a spatial cutoff surface of the inner throat and its relation to field space entanglement entropy and differential entropy. The area of such a surface is a natural candidate for an entanglement entropy; it has been conjectured in [8] that the entanglement entropy between the degrees of freedom in any given spacetime region and those of its complement is given by the black hole formula to leading order (whenever the leading low energy effective gravitational action is Einstein-Hilbert):
Moreover the quantity E has a precise definition in terms of field theoretic quantities, when computed in the bottom up system (6.1): it is the differential entropy, defined as [9, 10, 11, 12, 13 ]
where {I k } is a set of intervals that partitions the boundary and S(I) is the standard entanglement entropy, computed holographically using the Ryu-Takayanagi formula. In this case we cover the boundary with n intersecting slabs each of width ∆w such that the overlap is (∆w − L w /n) where L x is the regularised length of one of the spatial directions. We then take the limit n → ∞.
We now show explicitly that the differential entropy computes the area of a hole in the throat geometries, extending the work of [9, 10, 11, 12, 13] to cases in which the field theory is deformed by irrelevant deformations (i.e. non AdS asymptotics). We parameterise the metric as
where the gauge invariant combination (g(z) + zf (z)) is determined by the Einstein equation. Here it is convenient to fix a gauge in which f (z) = 1 and hence
with λ a constant, which according to (6.4) is given by
(6.10)
Slab entangling regions are minimal surfaces for the functional (6.11) where the boundary entangling region extends over (d−2) spatial coordinates but partitions the w direction. From this functional we can immediately write a first integral 12) where c is an integration constant, relating to the turning point z * of the minimal surface:
ds (6.14)
and Let us parameterise the regulated elliptic integrals as follows:
Then the entanglement entropy is given by
The differential entropy is given by 19) where L w is the regulated length of the w direction. This expression evaluates to give the area of a hole, i.e. the differential entropy is 20) with V d−1 the regulated volume of all spatial directions, provided that
These identities are indeed satisfied with
For completeness note that
It might seem surprising that the relation between the strip width and the depth of the entangling surface (6.18) depends on the UV cutoff. However, one can rewrite this relation using (6.10) 24) where g = 1/l 1. Similarly we can rewrite the entanglement entropy for each strip as
.
(6.25)
Note that the quantity (6.6) is inherently dependent on the choice of gauge for the radial coordinate. If we compute (6.6) on a surface r * in the metric (6.4) we obtain
This matches (6.20) if we take into account the redefinition of the radial coordinate, i.e.
(6.27)
The differential entropy evaluated on the cutoff r * = r c gives
Clearly if we define δE as the difference between the differential entropy in AdS and that in the deformed background then 29) which is of the same form as the field space entanglement entropy. We can understand the physical difference between (6.20) and (6.26) as follows. In (6.20) we effectively adjust the width of the slabs used to subdivide the space in the field theory to ensure that the area of the bulk hole remains unchanged at first order, i.e. to enforce the bulk gauge in which f (z) = 1, while in (6.26) we allow the area of the bulk hole to be changed. The most natural coordinate gauge choice from the field theory perspective is however neither of these: from the field theory one would usually fix the strip width ∆w and compute the area of the associated hole.
Spatial volume of inner throat
Let us now consider the spatial volume. It might seem surprising to define a measure of entanglement in terms of a spatial volume but one can give a heuristic argument in favour of this possibility as follows. For the usual entanglement entropy, degrees of freedom are entangled at the surface separating spatial regions A and B; the extension of this surface into the bulk gives the Ryu-Takayanagi minimal surface. In the case at hand, degrees of freedom have been integrated out throughout the whole spatial region; the image of this region in the bulk is the entire spatial volume.
However, the naive spatial volume clearly violates the first and second requirements stated above, as one necessarily obtains a non-zero answer for AdS and asymptotically AdS throats. To try to solve this problem, one could use the renormalised spatial volume:
where Σ is a hypersurface of constant time in the (d + 1)-dimensional stationary manifold and ∂Σ is its boundary. Here C is an overall normalisation. The Ricci scalar of the boundary metric is denoted R(h) and the boundary counterterms renormalise the volume. To work out these counterterms we use the following expansions of a static, asymptotically locally AdS d+1 Einstein manifold in Fefferman-Graham coordinates near the conformal boundary [44] 
(6.31)
Following [45, 46] , we see that the volume term gives logarithms in even bulk dimensions, which must be cancelled by logarithmic counterterms. In odd bulk dimensions (d even) there are no finite counterterms and no finite contributions from the counterterms. In even bulk dimensions (d odd) finite counterterms can be included.
The first example of logarithmic divergences arises in d = 3. In this case the action above becomes 32) where the regulating surface is at z = . (For d = 3 the above action is not-defined, because of the logarithmic term.) Here the choice of α s determines the scheme, since this counterterm is finite.
By construction this functional vanishes for a constant time slice of AdS 4 in Poincaré coordinates. However, it is never possible to fix finite counterterms such that the functional vanishes for all asymptotically locally AdS solutions with no horizons since finite contributions depend not only on the non-normalizable data of the metric, but also on the normalizable data. In particular, even for a constant time slice of AdS 4 in global coordinates S V is finite but non-zero:
One can fix α s to set this to zero, but one will then still obtain finite answers for other conformal classes of the boundary metric.
Another conceptual issue with the use of the renormalised volume is that the FeffermanGraham expansion for the metric changes as the matter content is adjusted. Counterterms to renormalise the volume therefore depend not just on the induced geometry but also on the boundary values of the matter fields, so the functional does not in general depend only on the geometry.
Leaving these issues to one side for a moment, the functional can be computed for the solution (6.2), working perturbatively in the irrelevant field. We set g(r) = 1 + ∆g(r); f (r) = 1 + ∆f (r), (6.34) where the gauge invariant combination (∆g(r) − r∂∆f (r)) is determined from (6.4). Then the renormalised spatial volume gives
where V d−1 is again the regulated volume of the spatial sections. The integral is expressed in terms of the gauge invariant metric perturbation and evaluating it we obtain
where we define r c l =g (6.37)
The functional therefore by construction does have the same qualitative behaviour as the field space entanglement entropy of section 2.
Summary and interpretation
In the holographic systems we have been discussing, degrees of freedom of the dual field theory are indeed localised in the inner throat region. In particular, in the Coulomb branch geometries the low energy physics is analogous to that in the field theory examples in section 2. However, imposing any cutoff on the inner throat region automatically removes not only the degrees of freedom associated with the other brane stacks (as in the field theory examples), but also high energy modes from the SU (N/2) CFT dual to the inner throat (which were not removed by the definition of field theory entanglement entropy of section 2).
It is hence unsurprising that both geometric measures of entanglement, the spatial volume of the inner throat and the area of the cutoff of this throat, give non-zero answers even for asymptotically AdS throats. The latter are dual to states in a single conformal field theory and, according to the field theory definition, their field space entanglement entropy would be zero. Yet the geometric entanglement quantities both remove high energy modes from this CFT by introducing a geometric cutoff, resulting in non-zero entanglement. The procedures of background subtraction (6.29) and renormalisation (6.30) subtract off the entanglement with high energy modes of the CFT.
Corrections to the throat geometry associated with irrelevant deformations give analogous contributions to the geometric entropies to the field space entanglement entropy of section 2. The measure of entanglement associated with the spatial volume of the throat has the advantage that it is gauge invariant, see (6.35) , but the exact dual field theory definition is unclear. The differential entropy by contrast has a sharp field theory definition although the relation between the defining strip width in the quantum field theory and the cutoff surface is subtle.
Finally, let us note that both geometric quantities are also qualitatively similar to the momentum space entanglement entropy explored in [47] , although the difficulty in exactly matching the bulk radial coordinate with boundary RG scale precludes a precise identification.
Conclusions
In this paper we have derived effective descriptions of inner throat regions in holographic geometries in terms of Einstein gravity coupled to massive scalar fields dual to irrelevant operators. Such descriptions are applicable both to Coulomb branch solutions with separated brane stacks and to the interior region of near extremal anti-de Sitter black branes.
Using these effective descriptions we have explored geometric measures of entanglement, characterising the entanglement of the degrees of freedom associated with the inner throat with those degrees of freedom associated with the geometric complement. We showed that the differential entropy computes the area of a hole, even in an irrelevantly deformed conformal field theory. Both the differential entropy and the spatial volume of the throat capture features of the field space entanglement entropy. However, unsurprisingly, the geometric measures of entanglement receive contributions associated with the entanglement with high energy modes of the low energy CFT dual to the inner throat and thus we conclude that the field space entanglement entropy cannot be precisely realised holographically.
The generalized holographic entanglement entropy (associated with a partitioning of the compact part of the bulk geometry) should correspond to a global symmetry entanglement entropy. In future work it would be interesting to sharpen the field theory definition of the latter and compute it in interacting field theories. One would also like to understand whether the generalized holographic entanglement entropy can be understood and derived using the methods of [48] .
More generally, we note that it is hard to derive precise relationships between bulk (geometric) measures of entanglement and quantum field theory measures of entanglement. From the quantum field theory perspective it would also be natural to consider entanglement between different components of the matrix for matrix valued fields (although a gauge invariant definition would clearly be needed). From the bulk perspective such entanglement would presumably be hard to realise geometrically for the same reasons discussed in this paper: there is no reason why the degrees of freedom traced out should generically be localized anywhere in the bulk spacetime.
A. M2-brane analysis
In this section we discuss the Kaluza-Klein spectrum on AdS 4 × S 7 , focussing on the scalar fields of interest dual to irrelevant operators. Our discussion is consistent with the early papers [49, 50] but we follow the approach introduced in [51] for AdS 5 × S 5 .
The Einstein equation is
while the equation for the four-form is [αβγ] are again tensor harmonics. The linearized Einstein and four-form equations can be diagonalised by projecting onto the linearly independent spherical harmonic components. Clearly only modes associated with the same spherical harmonics can mix at linear order. Thus in particular we need to diagonalize the equations for (h I µν , π I , a I µνρ ). Note that we can dualise a I µνρ and express it as a where we have eliminated t
ρ0
;ρ and h µ0 µ using the relations above. The mass implies that the field π 0 is dual to an operator of dimension six.
B. M5-brane analysis
In this section we discuss the Kaluza-Klein spectrum on AdS 7 × S 4 , focussing on the scalar fields of interest dual to irrelevant operators. Our discussion is consistent with the results of [52, 53, 54] but we follow the elegant approach introduced in [51] for AdS 5 × S 5 .
For AdS 7 × S 4 the background solution can be expressed as where we have imposed a gauge choice:
The linearized Einstein and four-form equations can be projected into spherical harmonic components and only modes associated with the same spherical harmonics can mix at linear order. For the case at hand we only need to diagonalize the equations for (h I µν , π I , a I µνρ , a I ). Note that we can dualise a I µνρ and express it as Thus π 0 is dual to an operator of dimension twelve in the CFT.
